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4. Diagonal and Triangular Matrices



Diagonal Matrices

Diagonal Matrices

Non-zero entries only on the main diagonal. Zero everywhere else.

dii 0 0 1/dy O ... 0
T
0 0 dnn 0 0 ... 1/dm
df, 0 0 1/df, 0 ... 0
Dk _ 0 dk 0 Dk _ 0 1/ds ... 0
0 0 dk, 0 0 ... 1/dk
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Diagonal Matrices

Diagonal Matrices
Multiplication

Left multiplication by a diagonal matrix

dip
0
0

0

d

0

0 a1 an
0 a1 a»
d33| |a31 a3

Right multiplication by a diagonal matrix

a3 aa [di1a11 duap diiars
a3 ax| = |dxnaz1 dxaxn dxpazs
a3 a4 | d33as1  dizasx  d33ass

[di1ry

= |dnr

| d33r3

di1ais
doang
d33a34

ail a2 a3 d; 0 0 diiair  dxparp  dizaiz
a1 axn ax 0 dp 0= ditax1 dxpax dizax
a1 ax  ass 0 0 dss di1asr d»azx  d33a33
as1 ap a4 ditazr  dxas  d3zas
= [diic1 dncy  da3cs)
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Triangular Matrices

Triangular Matrices

aj app a;3 apg app 0 0 0
0 azy dazy a4 a2 dxz 0 0

ast an a 0
I_CMI aqz  a43 GMJ

T

eral 4 = 4 lower
ular matrix

0 0 azx au
0 0 a44J

’a,-j:Ofori>j‘a,-j:0fori<j‘

» Taking transpose converts lower to upper and vice versa.

» A triangular matrix is invertible /f and only if its diagonal
entries are all nonzero.
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Triangular Matrices

Triangular Matrices

v

Inverse of invertible lower triangular matrix is lower triangular.

v

Inverse of invertible upper triangular matrix is upper triangular.

v

Product of lower triangular matrices is lower triangular.

v

Product of upper triangular matrices is upper triangular.
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Symmetric Matrices

Symmetric Matrices

A square matrix is symmetric if A= AT. That is a; = aj; for all
values of / and .

5 0 7 0 0 ds3

If A and B are symmetric matrices with the same size, and if k is
any scalar, then

1. AT is symmetric.

2. A+ B and A — B are symmetric.
3. kA is symmetric.
4

. AB is not always symmetric. AB is symmetric if and only if A
and B commute (AB = BA).

5. If A is invertible, the inverse A~! is also symmetric.
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Symmetric Matrices

AAT and ATA

» Matrix products of the form AAT and AT A arise in a variety
of applications.
> |t is useful to get familiar with their properties.
» Let A be an m x n matrix. Then AT is n x m and
» AAT is square m x m.
» AT Ais square n x n.
» Both products are symmetric since
> (AAT)T — (AT)TAT :AAT
> (ATA)T — AT(AT)T — ATA
> A= [% _02 _45]. Verify that AAT and AT A are symmetric.

» If a square matrix A is invertible, then AAT and AT A are also
invertible.
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